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A characterization for Hermitian symmetric spaces




The aim of this paper is to explain that we characterize the non-compact irreducible
Hermitian symmetric space of non-tube type by considering the visible action on a certain
non-symmetric complex homogeneous space. Further, we see the concrete description of our
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12008 SL(m + n, C)/(SL(m,C)×SL(n, C)) SU(m + n)
m 6= n m = n (
[11] )





D = H · S,(V.1)
σ|S = idS ,(S.1)
σ D H-(S.2)
S [4, Def-






LC KC [KC, KC]





(SL(m + n, C), SL(m, C)× SL(n, C)) (m 6= n),





1.1 (1) ⇒ (2) [10] (2) ⇒ (1)
(GC, LC) (S, σ)
(GC, LC) = (SL(m + n, C), SL(m, C)× SL(n, C)) (m 6= n) [11]
(S, σ) Gu GC/LC
2 (V.1) (H · S D )
([5, Definition 3.3.1] )
3 SL(m + n, C)/S(GL(m, C) × GL(n, C))
SU(m, n)/S(U(m) × U(n)) m 6= n
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1.1 (GC, LC) = (Spin(4n + 2, C), SL(2n + 1, C))
(S, σ) ( 2.4, 3.4, 4.3)
[13]
§ 2. σ
§2 §3 1.1 (2) ⇒ (1)
§ 2.1.
§1 GC, θ, KC, LC, Gu




τ := θµ θ, µ
G := Gτ
C
G K := G ∩KC
LC 6= KC G/K
g GC GC ν
gν , g−ν ν +1,−1
KC, Gu, G, K k, gu, g0, k0 g
θ, gµ, gτ , gθ0 µ g
g = gµ + g−µ g
g θ g0 θ|g0 g0 g0 =
k0 + p0 θ|g0 g0 gu = k0 +
√−1p0




G/K K ([7] )
2.1 ([7, Lemma 2.4]). g0 σ
θ σ ,(2.1)
R -rank g0 = R -rank g
σ
0 ,(2.2)
σ|Z(k0) = − idZ(k0)(2.3)
G/K g0 su(m, n) (m > n), so
∗(4n+2), e6(−14)
(cf. [3])




0 gR = g
σ
su(m, n) s(u(m) + u(n)) so(m, n) sl(m + n, R)
so∗(4n + 2) u(2n + 1) so(2n + 1, C) so(2n + 1, 2n + 1)
e6(−14) so(10) +
√−1R sp(2, 2) e6(6)
Table 1. (g0, k0) g
σ
0 gR := g
σ
2.2. 2.1 G/K ([7, Table 2.4.1])
§ 2.3.
G/K g g0
Table 1 g0 σ g : σ(X +
√−1Y ) :=
σ(X)−√−1σ(Y ) (X, Y ∈ g0)
g θ, τ, σ(2.4)
σ gR := g
σ g Table 1 g0 gR
4 4 σ
2.3. gR g




2.4. (GC, LC) = (Spin(4n + 2, C), SL(2n + 1, C))
θ, µ, σ gσ0 , gR
GC = Spin(4n + 2, C) SO(4n + 2, C) 2






g = {X ∈ gl(4n + 2, C) : tXI0 + I0X = 0}.
4gR Table 1 4 g0 = su(m, n) [11] g0 =
so∗(4n + 2) 2.4 g0 = e6(−14) [13, Lemma 2.2]
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I2n+1 (2n + 1)
tX X






: A ∈ M(2n + 1, C)
}
' gl(2n + 1, C)







g µ µ(X) = − tX (X ∈ g) gµ GC








A ∈ Skew(2n + 1, C),
B ∈ Alt(2n + 1, C)
}
' so∗(4n + 2)






: A ∈ Skew(2n + 1, C)
}






: B ∈ Alt(2n + 1, C)
}
.(2.6)
Skew(2n + 1, C) Alt(2n + 1, C)
g0 σ
σ(X) := I2n+1,2n+1XI2n+1,2n+1 (X ∈ g0).(2.7)
















: B ∈ Alt(2n + 1, R)
}
(2.9)
R -rank gσ0 R -rank g0 n σ|Z(k0) =
− idZ(k0) (2.7) σ 2.1








A ∈ M(2n + 1, R)




R -rank gR = 2n + 1 rank g gR g
so(2n + 1, 2n + 1)






gσ0 so(2n+1, C) (2.8) (2.10)
gσ0 ' so(2n + 1, C) gR ' so(2n + 1, 2n + 1)
2.5. 2.4 g σ GC = Spin(4n + 2, C)
SO(4n + 2, C)
σ(g) = I2n+1,2n+1gI2n+1,2n+1 (g ∈ SO(4n + 2, C)).
GC = Spin(4n + 2, C) σ SO(4n + 2, C) σ
ϕ : Spin(4n + 2, C) → SO(4n + 2, C)
2.6. Table 1 (su(3, 1), s(u(3)+u(1))) ( 1 (m, n) =
(3, 1) ) (so∗(6), u(3)) ( 2 n = 1 ) so(3, 1)
so(3, C) sl(4, R) so(3, 3)
σ
§ 3. (g, θ, µ, σ)
§3 §2 g θ, µ, σ
§ 3.1.
g−µ,−θ := {X ∈ g : (−µ)X = (−θ)X = X} µ θ
((2.4) ) g−µ,−θ = gτ,−θ = g−θ0 = p0
σ Table 1 g pσ0 a0
A := exp a0 (2.2) a0 p0
p0 = g
−µ,−θ = g−µ ∩ g−θ [2, Theorem 2]
GC
3.1 ( ). GC = GuAKC
m0 k0 a0 l0 := [k0, k0] k0
G/K
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3.2 ([1, Lemma 3.2], cf. [9]). G/K
m0 ⊂ l0
§ 3.2.
G/K a0 σ|a0 = ida0





0 σ|m0 +1,−1 M K a0
Mσ := M ∩Gσ
3.3.
1. mσ0 Table 2 3
2. rank M = rankM/Mσ.






su(m, n) s(u(1)n + u(m− n)) so(m− n) (m > n)
so∗(4n + 2) su(2)n + u(1) so(2)n
e6(−14) su(4) +
√−1R so(4)
Table 2. m0 m
σ
0
3.3 (2) Table 2 M (3) (2)
(1) g0 g0 = su(m, n)
[11] g0 = so
∗(4n+2) 3.4
g0 = e6(−14) σ m
σ
0
mσ0 ' so(4) σ







0 σ Table 1 g
σ
0 ' sp(2, 2)
kσ0 ' sp(2) + sp(2)
a0 p
σ
0 (§3.1 ) mσ0 kσ0 '
sp(2)+sp(2) a0 m
σ
0 ' sp(1)+sp(1) (cf. [3, Appendix
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C]) sp(1) + sp(1) ' so(4) 5 mσ0 ' so(4)









√−1J(r1, . . . , rn)√−1J(r1, . . . , rn) 0
)
: r1, . . . , rn ∈ R
}
(3.1)
dim a0 = n J(r1, . . . , rn)
(2n + 1)













k0 ' u(2n+1) ((2.5) ) a0 m0 X1, . . . , Xn ∈
M(2, C) c ∈ C D(X1, . . . , Xn; c) ∈ M(4n + 2, C)















(3.3) m0 = {D(X1, . . . , Xn;
√−1t) : X1, . . . , Xn ∈ Skew(2, C),
tr X1 = · · · = trXn = 0, t ∈ R}.
5su(4) so(4) su(2)+su(2) mσ0 su(2)+su(2)
so(4)
σ|m0 m0 m0 [m0,m0] ' su(4) Z(m0) '
√−1R
σ- mσ0 = [m0, m0]
σ +Z(m0)σ mσ0 ' sp(1)+ sp(1)
mσ0 ⊂ [m0,m0] mσ0 = [m0, m0]σ σ [m0, m0] [m0, m0]
mσ0 ' sp(1) + sp(1) su(4) +1
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m0 ' su(2)n + u(1) mσ0
mσ0 = {D(X1, . . . , Xn; 0) : X1, . . . , Xn ∈ Alt(2, R)}(3.4)
mσ0 ' so(2)n mσ0 k0 l0 ' su(2n + 1)
§ 4. 1.1 (2) ⇒ (1)




D = Gu · S D S
4.1. m−σ0 6⊂ l0
Proof. G/K 3.2 m0 6⊂ l0 Y ∈ m0
Y 6∈ l0 3.3 (3) g ∈ M
X ∈ m−σ0 Y = Ad(g)X X 6∈ l0
X ∈ l0 X1,1, . . . , X1,r, X2,1, . . . , X2,r ∈ k0
X =
∑r
j=1[X1,j, X2,j] k0 K-







[Ad(g)X1,j, Ad(g)X2,j] ∈ l0
Y 6∈ l0
l0 k0 1 3.2 k0 = l0 + m0
4.1 X ∈ m−σ0 X 6∈ l0 1 k0 = l0+RX
k = k0⊗R C




su(4) sl(4, C) sl(4, R)
su(2) + su(2) sl(4, C) mσ0 su(2) + su(2)
so(4)
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l := [k, k] LC




X ∈ m−σ0 3 ZT, ZR, A ZT ⊂ Gu
3.1 (4.2)
GC = GuAKC = GuA(ZTZRLC) = GuZT(ZRA)LC = Gu(ZRA)LC.
4.2. D = GC/LC S
S := (ZRA)LC/LC.(4.3)
D = Gu · S
4.3 (cf. 2.4, 3.4). g0 = so
∗(4n + 2) m0 (3.3)




√−1X1, . . . ,
√−1Xn;
√−1t) :
X1, . . . , Xn ∈ Sym(2, R), trX1 = · · · = tr Xn = 0, t ∈ R}
Sym(2, R) t ∈ R 0
tr X1 = · · · = trXn = 0 X1 . . . , Xn ∈ Sym(2, R)
D(
√−1X1, . . . ,
√−1Xn;
√−1t) l0 ' su(2n + 1) m−σ0
l0 l0 X ∈ m−σ0
X : = D(0, . . . , 0,
√−1)
GC/LC = Spin(4n + 2, C)/SL(2n + 1, C) GC/LC = Gu · S
S 4.2 pσ0 a0 ((3.1) ) X
S := (exp a0)(exp
√−1RX)LC/LC
S dim a0 + dim
√−1RX = n + 1
4.4. ϕ : Spin(4n + 2, C) → SO(4n + 2, C) Φ :
Spin(4n + 2, C)/SL(2n + 1, C) → SO(4n + 2, C)/SL(2n + 1, C)
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S Φ Φ(S)
SO(4n + 2, C)/SL(2n + 1, C) = Φ(Spin(4n + 2, C)/SL(2n + 1, C))
= Φ(Spin(4n + 2) · S)
= ϕ(Spin(4n + 2)) · Φ(S)
= SO(4n + 2) · Φ(S)
Φ(S) ϕ
Φ(S) = ϕ((exp a0)(exp
√−1RX))LC/LC
ϕ((exp a0)(exp










0 −√−1 sinh r√−1 sinh r 0
)
r1, . . . , rn, t ∈ R d(r1, . . . , rn; t) ∈ SO(4n + 2, C)
d(r1, . . . , rn; t) :=







b(rn) 0 c(rn) 0
0 · · · 0 et 0 · · · 0 0





c(rn) 0 b(rn) 0




√−1RX)) = {d(r1, . . . , rn; t) : r1, . . . , rn, t ∈ R}
§ 4.2.
§2.3 g σ GC
( σ )
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σ θ ((2.4) ) k = gθ σ- l σ-
LC σ- GC σ D
σ(gLC) = σ(g)LC (g ∈ GC).(4.4)
Gu σ-
§ 4.3.
(4.4) σ (4.3) D S
(S.1) (S.2) (§1 )
(S.1) σ σ|a0 = ida0 σ|A = idA
X ∈ m−σ0 σ g
σ(
√−1X) = −√−1σ(X) = √−1X.
σ|ZR = idZR atLC ∈ S (a ∈ A, t ∈ ZR)
σ(atLC) = σ(at)LC = σ(a)σ(t)LC = atLC.
σ|S = idS (S.1)
(S.2) (S.1) 4.2 xLC ∈ D
(x ∈ GC) g ∈ Gu sLC ∈ S xLC = g · sLC
σ(xLC) = σ(g) · σ(sLC) = σ(g) · sLC = (σ(g)g−1) · xLC.(4.5)
§4.2 Gu σ- σ(g)g−1 ∈ Gu (4.5)
σ(xLC) ∈ Gu · xLC (S.2)
§ 4.4.
S σ (V.1)–(S.2) 1.1 (2) ⇒ (1)
(V.1) 4.2 (S.1) (S.2) §4.3 1.1 (2) ⇒
(1)
S Gu D
4.5. G/K D Gu
S dim S = rank G/K + dim Z(k0)
§ 5. 1.1 (1) ⇒ (2)
1.1 (1) ⇒ (2)
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§1 L := [K, K] L LC
Gu/L 2
L2(Gu/L)
1.1 (1) ⇒ (2) . Gu GC/LC







5.1. 1.1 (2) ⇒ (1)
SL(m + n, C)/(SL(m, C)× SL(n, C)),
Spin(4n + 2, C)/SL(2n + 1, C),
E6,C/Spin(10, C)
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